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Abstract
Let E be a complex Banach space. We prove the Ulam stability of a class of Banach
space valued second order linear diﬀerential equations p(x)y′′(x) + q(x)y′(x) + λy(x) = 0,
where p ∈ C1[I,R+], q ∈ C[I,R] with p′(x) = 2q(x) for each x ∈ I; I denotes an open
interval in R, λ is a ﬁxed positive real number. Moreover, we also provide some
applications of our results.
Keywords: Ulam stability; linear diﬀerential equation; Chebyshev diﬀerential
equation; Banach space
1 Introduction
At present, the Ulam stability (Hyers-Ulam stability or Hyers-Ulam-Rassias stability) is
one of the most active research topics in the theory of functional equations. The study
of such stability problems for functional equations originated from a question of Ulam
[] concerning the stability of group homomorphisms. Hyers [] gave a ﬁrst aﬃrmative
partial answer to this question for Banach spaces. Afterwards, Rassias [] generalized the
result of Hyers [] for linear mappings in which the Cauchy diﬀerence is allowed to be
unbounded, and this work has great inﬂuence on the development of this type of stability
theory of functional equations. Since then, the stability problems for various functional
equations have been extensively studied. For more details, the reader is referred to [, ].
In , Obloza [] initiated the investigation on the Hyers-Ulam stability of diﬀerential
equations. Later, Alsina and Ger [] proved that the Hyers-Ulam stability of the diﬀeren-
tial equation y′ = y holds. Speciﬁcally, for a given  ≥ , if f is a diﬀerentiable function on
an open subinterval I intoR with |f ′(x) – f (x)| ≤  for all x ∈ I , then there exists a diﬀeren-
tiable function g : I →R such that g ′(t) = g(t) and satisfying |f (x) – g(x)| ≤  for all x ∈ I .
Soon after, the above result was generalized byMiura and Takahasi et al. [–]. Up to the
present, the Hyers-Ulam stability or Hyers-Ulam-Rassias stability of the ﬁrst order and
higher order linear diﬀerential equations have been widely and extensively investigated by
many authors [–].
Several years ago, Jung togetherwithKim andRassias [, ] discussed the general solu-
tion of the complex-valued Chebyshev diﬀerential equation (–x)y′′(x)–xy′(x)+ny(x) =
 and studied its Hyers-Ulam stability. Hereafter, Miura et al. [] further improved the
©2014 Shen et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
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stability result of Chebyshev diﬀerential equation. Inspired by the work of Miura et al., we
will start the following work.
Let E be a complex Banach space with a norm ‖ · ‖. Unless otherwise stated, let I =
(a,b), a,b ∈ R ∪ {±∞}, denote the open interval of R. In addition, we denote by C[I,E]
and C[I,E] (C[I,E]) the set of all E-valued continuous functions on I and the set of all
strongly (two times) diﬀerentiable functions which have a continuous (second) derivative
on I , respectively. In a more general framework, we shall investigate the Ulam stability of
the following second order linear diﬀerential equation:
p(x)y′′(x) + q(x)y′(x) + λy(x) = , ()
where p ∈ C[I,R+] (here R+ denotes the set of all positive real numbers), q ∈ C[I,R] with
p′(x) = q(x) for each x ∈ I , λ is a ﬁxed positive real number, y ∈ C[I,E].
2 Main results
For a n-order E-valued diﬀerential equation
F
(
x, y, y′, . . . , y(n)
)
= , x ∈ I,
we say that it has the Hyers-Ulam stability or it is stable in the sense of Hyers-Ulam
sense if for a given  >  and a n times strongly diﬀerentiable function f : I → E satis-
fying ‖F(x, f , f ′, . . . , f (n))‖ ≤  for all x ∈ I , then there exists an exact solution h of this
equation such that ‖f (x) – h(x)‖ ≤ K () for all x ∈ I , where K () depends only on ,
and lim→K () = . More generally, if  and K () are replaced by two control functions
ϕ, : I → [, +∞), respectively, we say that the above diﬀerential equation has the Hyers-
Ulam-Rassias stability or it is stable in the sense of Hyers-Ulam-Rassias.
The following theorem is the main result of this paper.
Theorem . Let ϕ : I → [,∞) be a function such that ϕ(x) is integrable on the interval
[r, s] for each r, s ∈ I with r ≤ s. Suppose that f ∈ C[I,E] satisﬁes the diﬀerential inequality
∥∥p(x)f ′′(x) + q(x)f ′(x) + λf (x)∥∥≤ ϕ(x) ()








has a solution on J = (c,d),where t ∈ J corresponds toω(t) ∈ I .Then there exists h ∈ C[I,E]
such that h satisﬁes Eq. () and











for all x ∈ I , where a ∈ I is an arbitrary ﬁxed point.
Proof Firstly, we take the solution ω(t) of Eq. () andmake an appropriate substitution for
the variable x. Obviously, the condition ω′(t) > , t ∈ J , implies that the inverse function
t = ω–(x) exists on I .
Shen et al. Advances in Diﬀerence Equations 2014, 2014:294 Page 3 of 9
http://www.advancesindifferenceequations.com/content/2014/1/294
Now, we deﬁne themap η : J → E by η(t) := f (ω(t)) for each t ∈ J . Obviously, η ∈ C[J ,E].
Then we can obtain













Moreover, since p′(x) = q(x), we get p′(ω(t)) = q(ω(t)) for each t ∈ J . Thus, it follows










which implies that ω′′(t) = q(ω(t)) for each t ∈ J .
Therefore, we have
































for all t ∈ J . Note that ω(t) ∈ I for each t ∈ J . Based on the inequality () and the preceding
equality, we can obtain
∥∥η′′(t) + λη(t)∥∥≤ ϕ(ω(t)) ()
for all t ∈ J .
We set α(t) = η′′(t) + λη(t), β(t) = η′(t) + i
√
λη(t). Then we have






















It follows that β ′(t) – i
√
λβ(t) = α(t). Multiplying both sides of the previous equality by
e–i
√





)′ = e–i√λt(β ′(t) – i√λβ(t)) = e–i√λtα(t).
By integrating both sides of the above equality from c (here c is an arbitrary ﬁxed point
































for all s ∈ J .
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In view of β(s) = η′(s) + i
√





λs(η′(s) + i√λη(s)) = (ei√λsη(s))′.





















































λ(τ–s)α(τ )dτ ds. ()












β(c), t ∈ J . ()
Clearly, g ∈ C[J ,E]. Therefore, we can infer that































From the equalities () and (), it is easy to see that g ′′(t) = –λg(t) for each t ∈ J . Further-
































for each t ∈ J . Then, by Eq. (), we can obtain
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, x ∈ I.
Therefore, we get










)′′g ′(ω–(x)) + [(ω–(x))′]g ′′(ω–(x)). ()







)′′ = –ω′′(t)[ω′(t)] . ()
Moreover, in view of ω′(t) = [p(ω(t))]  together with ω(t) being a solution of Eq. (), we
can infer from Eq. () that
(
ω–(x)
)′ = (p(x))–  , (ω–(x))′′ = –q(x)(p(x))–  . ()
Then it follows from Eqs. (), (), (), and () that






























p(x)h′′(x) + q(x)h′(x) + λh(x) = 
for all x ∈ I . This means that h ∈ C(I,E) is a solution of Eq. ().
Recall that η(t) = f (ω(t)) for each t ∈ J , namely, f (x) = η(ω–(x)) for each x ∈ I . By Eq. (),
we can obtain












where a = ω–(c) ∈ I . 
Remark  In Theorem ., the arbitrariness of a does not mean that the right-hand side
of the inequality () may be arbitrarily changed with respect to an appropriate function h,
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because one can see from Eq. () that the desired function h depends on the choice of a.
Furthermore, we can conclude from Eq. () that for an arbitrary ﬁxed a ∈ I , there exists
an appropriate solution h of Eq. () such that h can be used to approximate the function f
that satisﬁes the inequality (), and the error can be estimated by the control function of
the right-hand side of Eq. ().
The following result associated with the Hyers-Ulam stability of Eq. () is a direct con-
sequence of Theorem ..
Corollary . Let I = (a,b) be a ﬁnite interval, i.e., –∞ < a < b < +∞ and let  >  be a
given number. Suppose that f ∈ C[I,E] satisﬁes the diﬀerential inequality
∥∥p(x)f ′′(x) + q(x)f ′(x) + λf (x)∥∥≤ 
for all x ∈ I . Moreover, assume that Eq. () has a solution ω(t) on J = (c,d), where t ∈ J
corresponds to ω(t) ∈ I . Then there exists h ∈ C[I,E] such that h satisﬁes Eq. () and
∥∥f (x) – h(x)∥∥≤ (d – c)  ()
for all x ∈ I .
Proof According to Theorem ., it suﬃces to verify that the inequality () holds for all
x ∈ I . By Eqs. () and (), we have









≤ (t – c)

 
< (d – c)

  ()
for all x ∈ I . 
Remark  In Corollary ., since c ∈ (c,d) is an arbitrary ﬁxed point, the right-hand side
of the equality () can be further improved. In fact, since t ∈ (c,d) is arbitrary, if we take
the midpoint of the interval (c,d), i.e., putting c = c+d , then we can obtain a better upper
bound of the equality (). Furthermore, the inequality () can be improved as
∥∥f (x) – h(x)∥∥≤ (d – c) .
3 Applications
In this section, some practical examples are given to illustrate the main results proposed
in the previous section.
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y′′(x) – xy′(x) + λy(x) =  ()
has the Hyers-Ulam stability when x ∈ I = (–m,m), where m,λ ∈ R+. More precisely, for
each  > , if f ∈ C[I,E] satisﬁes the following diﬀerential inequality:
∥∥(m – x)f ′′(x) – xf ′(x) + λf (x)∥∥≤ 
for all x ∈ I , then there exists h ∈ C[I,E] such that h satisﬁes Eq. () and
∥∥f (x) – h(x)∥∥≤ π  ()
for all x ∈ I .
According to Corollary ., we take p(x) =m – x, q(x) = –x. Obviously, we have p′(x) =
q(x) for each x ∈ I . Consider the equation ω′(t) = √m –ω(t). It is easy to know that
ω(t) = m sin t is a solution on J = (–π ,
π
 ). Clearly, it is easy to check that ω(t) = m sin t
satisﬁes the condition of Corollary ., and hence there exists h ∈ C[I,E] such that h
satisﬁes Eq. () and the inequality ().
Remark  In Example , if m = , λ = n, n ∈ N (here N denotes the set of all natural
numbers), Eq. () will degenerate into the Chebyshev diﬀerential equation. Therefore,
the main results obtained in [] will be included in Example  as a special case.
Example  Let E be a complex Banach space. Then the diﬀerential equation
xy′′(x) + xy′(x) + λy(x) =  ()
has the Hyers-Ulam-Rassias stability when x ∈ I = (,+∞), where λ ∈R+. Speciﬁcally, for
each  > , if f ∈ C[I,E] satisﬁes the following diﬀerential inequality:
∥∥xf ′′(x) + xf ′(x) + λf (x)∥∥≤ 
for all x ∈ I , then there exists h ∈ C[I,E] such that h satisﬁes Eq. () and
∥∥f (x) – h(x)∥∥≤ (lnx – a)  ()
for all x ∈ I , where a is an arbitrary ﬁxed point in I .
Let p(x) = x, q(x) = x. Clearly, p′(x) = q(x) for each x ∈ I . Consider the diﬀerential
equation ω′(t) = ω(t). It can easily be veriﬁed that ω(t) = Aet (A > ) is a solution on
J = (–∞, +∞). For simplicity, we take A = . Therefore, x = et is an appropriate substi-
tution for the variable x. According to Theorem ., there exists h ∈ C[I,E] such that h
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satisﬁes Eq. (). Moreover, it follows from Eq. () that
















for all x ∈ I . This implies that the inequality () holds.
Next, we shall further consider a more general example as a complement of Example .
Example  Let E be a complex Banach space. For each  > , assume that a function
f ∈ C[I,E] satisﬁes the following diﬀerential inequality:
∥∥(m + x)f ′′(x) + xf ′(x) + λf (x)∥∥≤ 




h′′(x) + xh′(x) + λh(x) =  ()
and
∥∥f (x) – h(x)∥∥≤ (ln(x +
√
m + x) – a)
 
for all x ∈ I , where a is an arbitrary ﬁxed point in I .
Let p(x) =m +x, q(x) = x. Consider the diﬀerential equationω′(t) =
√
m +ω(t). Based
on the theory of ordinary diﬀerential equations, we see that x = m sinh(t) is a solution
on J = (–∞, +∞), where t ∈ J corresponds to ω(t) ∈ I . Therefore, one can see that x =
m sinh(t) is an appropriate substitution for the variable x. By Theorem ., there exists
h ∈ C[I,E] such that the equality () holds and
∥∥f (x) – h(x)∥∥≤ (t – c) 
= (ln(x +
√









for all x ∈ I , where a = lnm + sinh(c).
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